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Abstract. We show that the number of lattice points lying in a thin annulus 
has a Gaussian value distribution if the width of the annulus tends to zero 
sufficiently slowly as we increase the inner radius. 



1. Introduction 

Let N{t) be the number of integer lattice points in a disk of radius t centered at 
the origin. Thus N(t) = X]Tt<t2 ^("') where r{n) is the number of ways of writing 
n — + y"^ as a sum of two squares. As is well known, N{t) is asymptotic to 
the area nt'^ of the disk. Much effort has gone into understanding the growth of 
the remainder term. Heath-Brown [U] considered the distribution of the normalized 
remainder term {N(t) — 'Kt^)/y/t, and proved that it has a limiting value distribution 
in the sense that there exists a probability distribution function v such that for any 
interval A, 

^ mcas |t e [T, 2T] : ^^^^^ e ^ J vix) dx 

where the measure is the ordinary Lebesgue measure. It is known that i^ix) is not 
the Gaussian measure, for instance the tails have been shown to decay roughly like 
exp(-a;4), |l[Tg. 

Bleher, Dyson and Lebowitz pi El investigated the distribution of a similarly 
scaled remainder term of the number N{t, p) := N{t + p)~ N{t) of lattice points in 
an annulus of inner radius t and width p{t) depending on t. The "expected" number 
of points is the area TT{2tp+ p'^) of the annulus. Define a normalized remainder term 

by 

Nit + p)^N{t)-ni2tp + p^) 
Sit,p) . 

The picture that emerges is that there is a number of distinct regimes: 

• The "global", or "macroscopic", regime p{t) oo (but p = o{t)), in which 
case Bleher and Lebowitz 6,_ show that S(t, p) has a limiting distribution 
with tails which decay roughly as exp(— x^). In fact the distribution is that 
of the difference of two i.i.d. random variables whose distribution is the 
limiting distribution of {N{t) — 'Kt^)/^/t. 

• The intermediate, or "mesoscopic" , regime p ^ but pt ^ oo. The vari- 
ance of S{t, p) is given by 13 

1 1 

-/ \S{t,p)\^dt^a^ -.^IQplog- 
T Jt P 
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and Blehcr and Lcbowitz jH] conjectured that S{t,p)/a has a standard 
Gaussian distribution. 

• The "saturation" regime < p{t) < cx) is fixed as t ^ oo, where it has been 
shown |H| that S{t,p) has a distribution with rapidly decaying tails. As 
p — > oo the distribution converges to that found in the macroscopic regime, 
and as p — > it converges to the conjectured mesoscopic distribution. 

• The local regime, p ~ l/t. If the annulus were centered at a generic point 
rather than at a lattice point, or if we consider "generic" lattices instead 
of the integer lattice 7?, then it is consistent with conjectures of Berry and 
Tabor 1, that the statistics are Poissonian; see |15[I51[T^ for some progress 
on this, as well as 

In this paper we prove part of the Gaussian distribution conjecture of Bleher and 
Lebowitz. We will show that S(t, p) has a Gaussian distribution when p shrinks to 
zero sufficiently slowly: 

Theorem 1. If p ^ but p ^ T^* for all S > 0, then for any interval A 

Hm - meas it e [T, 2T] : e a] = ^ f e'^" dx 

^ T I (T I V27r 



A 



where — 16/9 log-. 



The structure of the argument is as follows: We replace the sharp counting 
function by a smooth counting function NM{t) whose smoothness parameter 
M — M{T) depends on T (note that though t and T are formally independent, 
we always think of t as being around T). Since we are only interested in p ^ 
we will set p = 1/L where L = L{T) tends to infinity with T, and we define the 
corresponding normalized remainder term to be 

~ NM{t + l/L)-NM{t)-2^/L-TTlL-' 
^Mx(t) 

We compute the moments of SM,L{t) when t is chosen at random with respect 
to a smooth measure. We show in Section O that the m^^ moment of Sm,l/o' 
converges to that of a standard normal random variable provided L <^ j^^im.) ^ with 
< vim) < 1/(2™^^ — 1). Thus Sm,l has a normal distribution if i ^ oo but 
L <^T^ for aU 6 > 0. In Section H we show that the variance of the difference 
{S{t, 1/L) — SM,L{t))/a goes to zero, and hence S{t, p)/a has a normal distribution 
with respect to the smooth measure. Finally we use an approximation argument 
to pass from smooth measures to the Lebesgue measure used in Theorem ^ 

2. Smoothing 

To obtain Theorem^we will replace sharp cutoffs by smooth ones. First, we will 
replace Lebesgue measure with a smooth average of t around T, that is we pick t at 
random by taking a smooth function w > 0, of total mass unity, such that both uj 
and its Fourier transform Q are rapidly decaying, in the sense that for any A > 2, 

for all t. (In fact we also choose ut to be supported on the positive reals as this 
makes the analysis simpler). 
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Define the averaging operator 

(2) <« = f/_>«K?)*" 

(this is the expected value of / with respect to this measure), and let Pt^,,T be the 
associated probability measure: 

(Throughout the paper we will extend N{t), S{t,p) and similar functions, initially 
defined for t > 0, to the whole real line. Since u{t) = for t < we are free to 
choose whichever extension makes the analysis most simple). 

We will also smooth the edges of the circle, and show that this modified counting 
function has a Gaussian distribution: Let x be the indicator function of the unit 
disc, and "0 a smooth, even, function on the real line, of total mass unity, whose 
Fourier transform ^ is smooth and has compact support. Define a rotationally 
symmetric function on by setting \E'(y) = V'dyl) where \y \ denotes the standard 
Euclidean norm of ye M^, and where the Fourier transform is 

m = [ /(a?)e-2-<-.^^> dx 
with {x, y) the usual Euclidean inner product. For e > set 

(3) v&.(f) = lvi,(^) 

Now set = X * *e to be the convolution of x and \E'e, which is a smoothed 
indicator function of the unit disc with "fuzziness" of width e, in the sense that 
< Xe Ij and if ij.) (rather than its Fourier transform ip) had compact support 
then x~Xt would be concentrated in the shell 1 — e < < 1 + e. Due to the rapid 
decay of tails, this is essentially still the case when V is in the Schwarz class, as it 
is for us. 

Now take e = where M = M{T) depends on T and tends to infinity 

with T, and define a smooth counting function, or smooth linear statistic, by 

NMit) = J2 Xe(f ) 

This counts lattice points in a "fuzzy circle" of radius about t, with fuzziness about 

te = l/\/M. 

The number of lattice points in a smooth annulus of inner radius t and width p 
is therefore given by NM{t + p) — NM{t). Since we are interested in radii t in an 
interval [T, 2T], we will in what follows freeze the width of the annulus to be p{T) 
as t varies in [T, 2T] rather than allowing it to vary with t; this will simplify some 
of the calculations. Furthermore, since from henceforth we are only concerned with 
p — > 0, we will set p = 1/L, and let L{T) — > oo as T — > oo. 

Set 
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The width of the smoothed sides of Nm is 0{et) = 0{1/^/M). In order for Sm,l 
to approximate S{t^ ^/L), it must be that 1/L is much larger than the width of the 
sides, so we insist that Lj^fM 0. 
We will show: 



Theorem 2. Suppose that M{T), L{T) are increasing to infinity with T such that 
M = 0{T^) for all 5>Q, and L/^/M -> 0, then for any interval A, 



Remark. The arguments given below for the proof of Theorem [21 will also prove a 
central limit theorem for smooth linear statistics in higher dimensions: Defining 
Xe = X * where x is the indicator function of the unit ball and \E'e is defined 
in analogy with we have a smooth counting function NMif) := X^aeZ'' Xe(7) ■ 
where as before e = 1/ t^fM. 

The asymptotic behaviour of NM{t) is given by Cdf^, with Cd the volume of the 
unit baU in R''. 

It may then be shown that if M ~ 0{T^) for all 5 > 0, then the distribution of 

the normalized remainder term SM{t) = ^t^d-i)/2* when averaged over t around 
T weakly converges to a Gaussian with mean zero and variance 




where Sm,l is given by (0J and 



,2 



16 log L 
L 




when d = 3 



when d > A 



where 



2^-1 r(d)r(irf) cid) 



1) 



3. The distribution of Nm 



Lemma 3. ^45 t 



oo, we have 




with the error term independent of M . 



Proof. By Poisson summation, 




(5) 
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Changing into polar coordinates, and using the fact that x is rotationally sym- 
metric, the 2-dimensional Fourier transform of x is 



1 /.27r 



"'0 



Xiy)^ r e-2,rir|a1cose jg, 



- cos(27r|^| + Itt) ^ 1 



as |y| oo. By its definition in 0, = ^'(e?7) = ■'/'(flj/l)- Therefore, inserting 

this into © , treating the mean (when fc = 0) separately, and setting e = 1/ t^/M, 



TTt^ 





^\ 




k^O ^ 


Vt 

TT 


^ n 



lV(ei|fc|) 



71=1 



fc|3/2 yt |fc|5/2 



with the constant implicit in the error term independent of M(T). □ 

Note that the compact support of ■0 means that the sum truncates at n « M. 
Thus we need M 1 in order for there to be any terms in the sum. 
Now, since 

~ NM{t + l/L) - Nuit) - Ti{2t/L + 1/L2) 

JM.L = r 

then for t> 1 and L > 1, 



~ I r{n) 

JM,L = — 



n— 1 

oo 



cos(2^iV^ + f ) - cos(2^(t + i) + f )] k\f^j) + O 



n— 1 ^ ^ V \ 

Note that we have three independent variables. The variable which we always 
consider to be large, is the radius of the annulus. This is the variable we average 
over. The width of the annulus is l/L. Since we want a thin annulus, L — > oo, 
and Gaussian behaviour is not seen if this condition does not hold. The annulus 
does not have sharp sides, but smoothed edges, and the third independent variable 
is M\ the larger M is, the sharper the annulus' sides (in the sense that it better 
approximates the indicator function). We must have L/^/M ^ in order for the 
annulus to have some width, and not be "just sides" . That is, the annulus shouldn't 
be too smooth. 

Proof of Theorem\^ First we show the mean is 0{1/T). Since uj{t) is real, 
(sin(2.(t + ^)V^+i.)) = Jm{i)(-TV^)e'^(^+^)} « 
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for any A > 2, where we have used the rapid decay of uj. Thus 

n— 1 

Setting 

(7) A^™ - ( f ^ E ^ sin (^) sin (24^ + ^)^A^ + i^) ^^(T^) 



ji=i 

then from (jSJ, the Cauchy-Schwartz inequahty imphes that the m"^ moment of 
Sm,l is 

(8) ((^M.Lr) = 



The conditions of Theorem H are that M = 0(T^) for aU 5 > Q, and that L ^ oo 
in such a way that L/^/M 0. In which case, Proposition 01 allows us to deduce 
that a'^ :— M2 ^ leiogL^ Proposition shows that for all m > 2, 

Mm _\ 2^i^L/2y. + ^ (iT^) if ^ is even 

l^(lT^) if mis odd 

These are the moments of the standard normal distribution, and inserting these 
into JSJ, we see this is sufficient to prove that the distribution of Sm,l/<^ weakly 
converges as T — )■ 00 to a Gaussian with mean zero and variance 1. □ 

3.1. The variance. 

Proposition 4. If M = 0{T'^^^~^^) for fixed 5 > 0, then the variance of Sm.l is 
asymptotic to 

n—l ^ ^ \ ' y 

If 00 but Lj^lM 0, then 
(10) ^ 1^ 

Proof. Expanding out Q we have 

4 ^ r(m)r(n)sin(7rV^/L)sin(7rV^/L)V^(y^)V^(y^ 



m,n ^ ' 

X (sin (27r(t + ^)\/^ + ^tt) sin (27r(i + ^)\AI + \'k)) 
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Now the average on the bottom hne is 

The support condition on tp means that m,n are both constrained to be 0{M), 
and so either m = n or else |-\/m— v^l ^ Using the bound Lj{t) <C (1 + \t\)^"^ 
for all A > 0, the ofT-diagonal terms contribute at most 

A 




« -^fA- « T 



4-SA 



using the assumption M = 0{T^ '). Therefore, for any _B > 0, 

n— 1 



Define <t^ to be the infinite sum above. Since r{n) <^ n'' for all f] > 0, is bounded 
for all L. To find the asymptotics as i — > oo, we use a formula of Ramanujan |14|^: 



We then have 



r{nf = 4XlogX + 0{X) 

n<X 



n— 1 ^ ^ 



3/2 L M 



/ log(yL) Httt dy 

log L 32 r sin^^^l'^) 



r vvM. 

on changing variables to a: = y^L^, and using the fact that we assume that L — > 00. 
Now using the additional restriction (caused by the fuzziness of the annulus' sides) 
that L/y/M 0, we see that since ipiyL/y/M) ^ 1 for all y = o{y/M/L), the 
integral can be evaluated asymptotically to equal 7r^/2, and so 

2 161og(L) 
a ^ 

Since L = o{T^~^), the error terms in JHJ) are all smaller than ct^, and so the 
variance of Sm,l is asymptotic to as T — + cxd . □ 

The constraints on M, that M = 0{T^^^^) but L/Vm —> 0, illustrate the role 
of smoothing. The first constraint, that M is not too big, comes from requiring 
that the annulus is sufficiently smooth to easily handle the averages (to enable us 
to reduce to the diagonal). The second constraint, that M is not too small, is to 
ensure the function is not too smooth, so that the width of the edges is greater 



"'^We wish to thank Bob Vaughan for pointing this reference out to us. 
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than the size of the annulus. (That L ^ oo forces M to go to infinity. If it did not, 
the function would be so smooth as to have no fluctuations!) 

3.2. The higher moments. 

Proposition 5. For fixed S > 0, if M O (T^ii~^)/i2'"-'-i)y and if L ^ oo 
such that L/\/M 0, then for arbitrary S' > 0, 



Mr 



2'"/2(m/2)! ■ 



o 



if m is even 
if m is odd 



where Mm is given in (|7|) and is given in 



We will need to give lower bounds for alternating sums ^ ±y^nj. To do so, we 
use the following lemma, a form of Liouville's theorem, (cf 9 ): 

Lemma 6. For j = 1, . . . ,m, let rij < M be positive integers. Then 
• either ^ ^j-Jn] — for some Ej — ±1, 



or for all Ej = ±1, 



> 



{m\/M) 



Proof. Assume that ^ y/nj ^ for all choices of e j = ± 1 . Then 



P 



n E' 



is non-zero. By Galois theory, since ^ ^j\fn~j is an algebraic number, and P is the 
product over all possible symmetries, P is an integer. Since we assumed that no 
term in P vanishes, \P\ > 1. Since both ^ tj^Jfij and — ^ ^jy^ are terms in P, 
if 



n 



J— 2,3, . . . ,m 



J=2 



then P = (-1)2'" and so |Q| y|P| > 1. 

By assumption Uj < M for all j, and so, independent of the Ej, 



J=2 



< rnVM 



and so for any rjj = ±1, 



\/^+E'^jV^ 

J=2 



> 



1 



(rnVM) 



where H* denotes the product over all ej distinct from r/j, there being 2™ ^ — 1 
terms in such a product. □ 



From this, it is simple to derive the following lemma. 
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Lemma 7. For j — 1, . . . ,m let nj < M be positive integers, and let ej = ±1 be 

such that 



5=1 



Then 



> 



1 



{m\/M) 



,2"'-i-l 



Proof. Either ^ Vjy/ly 7^ for ^-ny choice oirjj = ±1, and we are done by LemmaEl 
or else there exists a (strict) subset S" C {1, . . . , to} such that 



3is 



so that 











= 2 


E^jV^ 









Note that, by assumption, X^jgs ^j V^ and, if to' denotes the number of terms 
in the sum, then 1 < to' < m. Now repeat the argument: Either X^jes 
for any choice of 77^- — ±1, in which case Lemma gives that 



E< 



> 



> 



(to'VM)2'"'-^-1 (to%/A7)2'"-^-1 



or else one can find a further subdivide the set 5 as before. Since the number 
of terms in the sum is a positive integer and reduces upon each subdivision, this 
process terminates. □ 

Proof of Proposition\^ Expanding ijjj) out. 



Mm = 



E n 



3/4 ''^ 



ni,...,n,„>l j = l "j" 



™ / 1 

Y[smi2TT{t+—)^+l7r 



Now, 

/ m ^ 



„27ri((t+l/2L)Vn7+l/8) _ -27ri((t+l/2L)^+l/8) 



-mi' 

\j=i 



—uj ( — 1 dt 



pi:7Lifj^i(Tv^+l/4) 



J = l 
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By the compact support condition of ijj, we may always assmiie that nj ~ 0{M). 
By Lemma[3and the fact that Q decays faster than any polynomial power, the off- 
diagonal terms (those terms with X^JLi 7^ 0) contribute at most 



Kn, n„ <M 



which is vanishingiy small, since A can be arbitrarily large. Thus the only con- 
tributing terms are those with Y^JLi = ^^"^ using the fact that uj{0) = 1, 
we therefore have for any B > 0, 

ni,... ,71^71 ej—±l j — 1 



In order to estimate the size of A^m/c™ when L — > cxd, we need to use a lemma 
of Besicovitch |2| . 

Lemma 8. // qj , (for j = 1, . . . ,m), are distinct squarefree positive integers, then 
Jqi^ . . . , Jq^ are linearly independent over the rationals. 



Therefore, if X]j=i ^i\f^3 ~ with Uj > 1, then there must exists a division of 
{1, . . . , m} into {Si} such that 

e 

{1, . . . ,m} = ]JS'i 

i=l 

where X]i=i I'^'il = rn such that for i = 1, 2, . . . , £, for all j (£ Si, nj = g^/j^ with the 
qi being distinct square- free integers, and with the /_,- satisfying 

E '^f^ = 



Summing over all possible divisions we see that 
M 

- = 2 



E E E ^..(^o) 

\ (72 Dficc / \ qp Dfr 



52 I— llrcc / \ Urrcc 

92^91 qe^qi,...,qi- 



where 

(11) D,iS) 



E 11 — ^sm(^-^/jVg)^ 



g3|S|/4 ^ 11 .3/2 — V'L^J v^; 1 .^jy 
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We will show in Lemma El that if L — > cxd such that L j \fM — > then for all 

b' > 0, 

{0 iflS-^l 
1 if 151^2 

O ( jjrjr 1 otherwise 

Therefore the only terms in A^m/cr™ which do not vanish as i oo are those 
where \Si \ = 2 for all i. If m is odd, there are no such terms, and if m = 2k is even, 
then the number of terms is equal to the number of ways of partitioning {!,..., 2k} 
into Y['i=i '^i with \Si\ — 2, which equals 

1 /2k\ (2k -2\ (2\ _ (2fc)! 



k\\2 J\ 2 J"'\2J k\2^ 
This completes the proof of Proposition O □ 

Lemma 9. If L ^ oo is such that L/^/M then 

Y^qUfreeDqiS) _{l if \S\ = 2 



r\S\ 



O (p^) othe 



for all S > 0, where Dq(S) is defined in and is defined in 0. 

Proof. For convenience we assume, without loss of generality, that 5 = {1,2,...,|5'|}. 
Using r{n) <C for all 5 > 0, and i^ix) <C 1, we can upper bound by 

oo \S\S 

(12) E D^(S)«Y^^^Qiq) 

q Dfree g=l 

where 

Q('?)= E E n-|j|sin(^/,V^/L)| 

ej=±l /,>1 j = l Jj 

Note that Q{q) ^ 1 for all q. When q a, sharper result can be deduced by 

a more careful treatment of Q{q)- In order for X^j Ji ^jfj = 0, at least two of the e 
must have different signs, and so, with no loss of generality, we put e|5| = —1 and 
e|s|_i = +1. Hence 

|S|-2 

f\s\ = f\s\-i + E ^^■I'j 
In order for both /|5| > 1 and /|S|-i ^ 1? it must be that 

r isi-2 

/|S|-i > 1 + max < 0, - E ^jfj 
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Therefore, 



QW = 2 EE E 

ei,...,e|S|-2-±l /l,...,/|S|-2>l /|s|_i>l+max{0 - Z^fJ-^ e,f,} 

|sin inf,^/L) I ^ |sin (tt^ (/|s|-i + EfJ^^ e,f, 



Changing sums into integrals gives 



//•oo /• 
■ • • / dxi . . .da;|s|_2 E / - 
Ji , . i_i Ji 



IShl 



' I sin(7ria;jVg)| ^ | sin(7riyg(a;|s|_i + J2% ^ <^jXj))\ 



3/2-<5 I / ,„,_ S3/2-.5 



and changing variables to Xj^/q/ L — > 

JS|/4+l/2-|S|d72 



Q(l)^ L\s\/2+i-isis ■ l,^ E / ,^ „ , ^.^ 

'pT^^ |sin(7ryj)n |sin(7r(y|5|_i +El=r^ejyi)l , , , 

11 3/2-^ 7 -v^d2/|S|-idy|s|-2...dyi 

/ (yi5i-i + EfJr^.y.) 

Since the multiple integral is bounded, we may conclude that 



Q{q) « 



i|S|/2 + l-|S|5 



if g < L 



2 



1^1 ifg>i^ 

substituting this into (|12|l we sec that 



q Dfree I LlS|/2+i U |0| ^ O 



Hence 



^ E ^.(^) « 

17 Dfroc I 



if \S\ = 2 
if |5| > 3 



since equation (|10() gives a ^ ^vitgL when L — > oo but L/\fM 0. However, in 
the case \S\ = 2, by the definition of Dq{S) and we see that 

E D,iS) = a\ 

q Dfree 

This completes the proof of the lemma. □ 
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4. Unsmoothing 

Recall that S(t, 1/L) is the normalized remainder term for the number of lattice 
points in an annulus of inner radius t and width 1/L. In this section we prove 
Theoremnby showing that the variance of the difference {S{t, 1/L) — SM,L{t))/o' 
vanishes and then combining this with Chebyshev's inequality to deduce a distri- 
bution theorem for S{t, 1/L). 

We begin with an approximation result for N{t): 

Lemma 10. For any a > 0, c > 1 we have 

N{t) = nt^-^Y.'4r* co.{2ntV^ + In) + Oi\t\-'^') + O {X'^) + O(^) 

n<X ^ 

This Lemma was already invoked by Heath-Brown in [5], with the proof being 
an argument similar to that which derives (12.4.4) in |17| . 

Lemma 11. Suppose L —> oo as T ~> oo and choose M so that L/^/M — s- as 
T ^oo but M ^ C'(t2(i-'5)) (for a fixed S > 0). Then as T ^ oo, 

2\ logM 



\Sit,l/L)-SMAt)\^) « 



Proof. Putting a — 6' and c = 1 + S' /2 for S' > arbitrarily small in Lemma [TUl 
we have 

Nit + l/L)-Nit)-TT{2t/L + l/L^) 
\/t 

n<X ^ ^ 

where 

1 X^' |i|l/2+5' 



R{X,t) < 



t\ ^\ Vx 



Set X = T^-"^. Since M = ©(T^ti--^')) and has compact support, the infinite 
sum in SM,L{t), given in JB)), is truncated before n — T^~^ , and so 

S{t,l/L)-SMMt) = 



- E ;^sin^ sin(2.(t-,^)VH+f) l-^(J^) +i?(T-^^) 

Let P denote the sum, then Cauchy-Schwartz gives 
(13) 

1/L) - SM.Lit))') = {P') + {R{T'-\ t)') + O (^^/{n^{R{T^-^t)^) 
Observe that 

{R{T^-^,t)^) < T-^+^" 
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for arbitrarily small S" > 0, and 



n<T^-'> 



0| 

^l<myin<T2-'5 

The same argument used in H3. II shows the error term here vanishes like 0{T^^) 
for any B > 0. 

Since J2n<x ^(^)^ ^ 4XlogX, partial summation gives 



in 



logx . o / vr-v/x 



^^/Mog(L,)sin^(.,) (,_^^ yL X,^ 
by change of variables x — y^L^- If yL/^/M <C 1 then 

yL \ 



32 



M 



l + O 



A/j 



leading to 



\/17/L 



log(^y) sin (Try) dy + - 



1 /-^/^ log(Lzj)sin2(^y) 



dy 



A//L 



log M 



Inserting this into using M = 0(r2(i-'5)) and choosing < J" < 5 in the 

estimate of t)^) we have that 



{s{t,i/L)-SM,Lit)n « 



+ 



1 



VIogM 



= o 



logM 
logM' 



□ 



Lemma 12. Under the conditions of Lemma \ll[ we have for all fixed r] > 0, 
„ j S{tML) SuAt) 



a a 
as T ^ oo, where — 161ogL/L. 
Proof. For fixed 77 > 0, Chebychev's inequality gives 

iS{t,l/L)-SM,L{t))^ 



Sit,l/L) SuAt) 



2 2 



L logM 



logL 

which tends to zero as T — > 00 by the assumptions placed on M and L. 



□ 
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Corollary 13. If L ^ oo but L = 0{T^) for all S > as T ^ oo, then for any 
interval A, 

(14) P.^.{^MZ^e^}^-l=/e^^V.d. 



A 



where a = 16logL/L. 



Proof Set M = L^, then M = 0(T*) for alH > and L/VM ^ 0. Thus SM,L/cr 
weakly converges to a standard normal distribution as T — > cxd when t is smoothly 
averaged around T by Theorem [3 But Lemma IT^ implies that S{t, l/L)/a must 
also weakly converge to a standard normal distribution too. □ 

We are now able to prove our main result, Theorem^ which says that if L ^ oo 
but L = 0{T^) for all S > 0, then for any interval A 

hm imeas|< e [T,2T] : ^MZ^ll £^1=1/ £-^2 

Proof of Theorem^ Fix e > 0, and approximate the indicator function l[i,2] above 
and below by smooth functions x± > so that x- ^ -'^[1,2] ^ X+i where both x± 
and their Fourier transforms are smooth and of rapid decay, and so that their total 
masses are within e of unity: | J x±i^)'^^ ^ 1| < Now set lu± x±/ J X±- Then 
uj± are "admissible" and for all t, 

(15) (1 - e)u-it) < ]l[i,2](i) < (1 + e)u;+{t) 

Now 

and since (|15|) holds, we find 
(l_,)P._,,{a!:iZ£)e^}<i„e..{<E[T.2Tl : ?MlIl> e A 



a 

By CoroUarv 1 1 31 the two extreme sides of this inequality have a limit as T — > oo, of 

(l±e)^ / e-"'/2 da; 

and so we get that 

(1-e)^ / e-"'/2da;<liminfimeas|ie [T,2r] : ^^^lUl^ e a] 

V27r J A T^c^ T \ cr J 

with a similar statement for limsup; since e > is arbitrary this shows that the 
limit exists and equals 

lim i meas it S [T, 2T] : ^^hllR ^ a] = ^ [ e"^'/' dx 



'A 

which is the Gaussian law. □ 
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